Lesson 7.3 Exercises, pages 611-618

3. Write each expression in terms of a single trigonometric function.

) cos 0 ) sin’6
Sin 0 COSZB
= cot @ = tan’0
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¢) sin’6 sec 6 cos O csc 6

tan’@
%

= sm20< )cos() ( ) = 3N
(sin"0) (c0s 0) (Gin g sin’0
= S|n 0 COSZO
= cos’0

4. Determine the non-permissible values of 6.

a) sec O b) tan 6
secl = co‘lﬁ' S0 tan @ = ﬁ, so non-permissible
non-permissible values values occur when cos @ = 0,
occur when cos 6 = 0, s00 = g + ak,keZ
500 = g + wk,keZ
csc sec 6
<) cos 6 d) sin 6
_ 1 _ 1
csch = sino'S° sech = os ' SO non- permissible
non-permissible values occur values occur when cos 6 = 0, so
when sin@ = 0,50 0 = ik, 0=%+wk,keZ;orwhen
k € Z; or when cos 6 = 0, sinf =0,500 =k, ke Z
s00 =7 +wkkeZ
5. Verify each identity for the given value of 6.
a) tan 0 csc O secO = sec’0; 0 = 150°
Substitute: & = 150°
L.S. = tan 0 csc 0 sec O R.S. = sec’d
= (tan 150°)(csc 150°)(sec 150°) = sec’(150°)
1
1 =
= ( tan 30 )<S in 150°> (COS 1500) COSZ(1500)

= (—tan 30°)< 5in 30° )(cos_';O") = <cos_310°‘>2
- (3
4

1l
PR
Sl
\_/N

3
The left side is equal to the right side, so & = 150° is verified.
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2
b tanOcZSCO — cot0;0 =
sec’O
. 47
Substitute: 0 = 3

2
LS. = tan 0czsc 0
sec’d

fon ) ()
()
(e )ees)
(03]
-2

1

V3

417

3

R.S. = cot 0

= cot}™
= cot 3

The left side is equal to the right side, so 0 = 4w is verified.

6. Prove each identity in question 5.

a) tan 0 csc 0 sec 0 = sec’d
L.S. = tan 0 csc 0 sec 6

= (&6) o) (cra)

1
cos’0
= sec’d
= R.S.

The left side is equal to the right
side, so the identity is proved.
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2
b) tan 0 ¢sc’0

3

) = cot O
sec’d

2
LS. = tan 0czsc 0
sec’d

(sinﬂ)( 1 )2

_\cos 0/\sin 0

= 71 ;
(cosﬂ)

1
(sin 0)(cos 6)

1 2
(cos 0)

cos 0
sin
cot 0
= R.S.
The left side is equal to the right
side, so the identity is proved.
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7. For each identity:
i) Verify the identity using graphing technology.
ii) Prove the identity.

. o _ _ _1— cotf
a)l — sinf = (sinf)(cscd® — 1) b) —coth T——
i) Graph:y =1 — sin 0 and : 1 - ta:lf)
. 1 i) Graph:y = —andy=——
y:sm0 70—1 tan 6 1—tané@
sno The graphs coincide, so the identity
The graphs coincide, so the . o
. L . is verified.
identity is verified. 1— coto
i) RS. = ————
ii) R.S. = (sin @)(csc @ — 1) i) 1T—tan6
1
. 1 —
= (sin 0)<m - 1) _ '~ Gne
1 G 1—tan@
::S sin 0 __ tang—1
P (tan 6)(1 — tan 6)
The left side is equal to the 1
right side, so the identity is = taneo
proved. = —cot @
= LS.

The left side is equal to the right side,
so the identity is proved.

8. For each identity:
i) Verify the identity for 6 = 45°.
ii) Prove the identity.

a) cotd _ csch =0 b) tan’d cos’0 + sin’0 = 22
cos 0 csc O
i) Substitute: 0 = 45° i) Substitute: & = 45°
LS. = cotl; — csc o L.S. = tan’0 cos’0 + sin’0 _
coso = (tan 45°)*(cos 45°)? + (sin 45°)2
= % — ¢sc 45° 1 1
cos 45 =(1) 3 + 3
1
=5 V2 =1
V2 RS. = 2
— f _ ﬁ csc20
=0 " (csc45°)
The left side is equal to the = 2y
right side, so 0 = 45° is 2
verified. =3
=1

The left side is equal to the right side,
so @ = 45° is verified.
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ii) L.S. =

cot 0

s csc o
cos 6

sing 1
cos 0 sin 0
LI B
sin@ sin@
0

R.S.

The left side is equal to the
right side, so the identity is
proved.

9. For each identity: .
n

i) Verify the identity for 6 = .

ii) Prove the identity.

a) csch =

csc ) — 1

1 — sinf

i) Substitute: 0 = 7%’

LS. =

R.S. =

csc O

T
CsC 6

T
—csca
=2
csc ) — 1

1—sind
1w
csc 6 -1

1w
1 — sin—
SIn6

-2

The left side is equal to the
right side, so 0 = Im is

i 6
verified.
.. csch— 1
ii) RS. = —————
) 1—sin0d
1
— =1
__sin@
1—sin6

1—sin6

= in0)(1 — sin 0)

1

sin 0
csc o

= LS.
The left side is equal to the
right side, so the identity is
proved.
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ii) L.S. = tan’0 cos’0 + sin’0
= (5'"220>(c0520) + sin%0
cos’0
sin’ + sin’0
2sin’0
2
csc’o
= R.S.
The left side is equal to the
right side, so the identity is
proved.

b) cosf — cotf

1 —sinf —cot 6
i) Substitute: 0 = 7%’
_ Cos 6 — cotd
LS. = 1—sing
cosh—coth
_ %6 "%
. Im
1 —sin 6
V3
1
1_< 2)
= -3
R.S. = —cot 6
= —cot 1™
= —cot ;
= _ﬁ

The left side is equal to the
. . 1w .
right side, so 0 = — is

o 6
verified.

. cos @ — cot @
ii) LS. = ——mF—7—
) LS 1 —sin6

cos 0 — ct-)so
_ sin 0
1—sing@

_ (cos 0)(sin 8) — cos 6
(1 — sin 6)(sin 0)
_ (cos B)(sin® — 1)
~ (1 = sin 6)(sin 0)
—cos 6
sin 6

= —cot @

= R.S.
The left side is equal to the
right side, so the identity is
proved.
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10. Use algebra to solve each equation over the domain 0 < x < 2m.
Give the roots to the nearest hundredth where necessary.

a) tan x = cotx

Assume tan x # 0, then divide by

tan x.

tanx _ cotx
tan x tan x
1

tan’x
tan’x = 1
= +1

— X ==,X=

Fortanx =0, x =0orx =

Verify by substitution that neither

value of x is a root of the given
equation.
Verify the roots by substitution.

c)2cosx =7 — 3secx

_ 3
2cosx =17 — Cos x

Multiply by cos x, then collect
terms on one side.

2cos’x —7cosx +3 =0
(2cosx — 1)(cosx — 3) =0
Either2cosx — 1 =10

cosx—1

—2
_m _ 5w
X=3zorx ==
Orcosx—3=0
cosx =3

This equation has no solution.
Verify the roots by substitution.

b)

d)

cosx + 4/3sinx =0

Assume cos x # 0, then divide
by cos x.

Cos X sinx _
COosS X CosS X

1+./3tanx=0

tanx=—i
V3
x—s—“orx—”—“
T 6 T 6
For cos x = 0,x=gorx=37"’r

Verify by substitution that neither
value of x is a root of the given
equation.

Verify the roots by substitution.

sin’x = sin x cos x

sin’x — sinxcosx = 0
(sin x)(sinx — cosx) = 0
Eithersinx = 0
x=0o0orx =1
Orsinx —cosx =0
sinx = cos x
Assume cos x # 0, then divide by cos x.

tanx =1
x—Eorx—‘r'lr
T4 4

Forcosx = 0,x = %orx = 3711

Verify by substitution that neither value
of x is a root of the given equation.
Verify the roots by substitution.

11. Identify any errors in this proof, then write a correct algebraic proof.

sinf 1

. = Correct proof:
To prove: 1 — sinf csch — 1 P
sin 6 _ 1
LS. = 1= sind RS. = Gco =1
_ sinf  sin@ = 1
1 siné 1y
=sinfh — 1 sin 0
1 -1
= @ - 1—sin@
1 sin 6
"~ csch — 1 = %
— — Sin
= R.S. — Ls.
From the 1st line of the proof to the 2nd line, % cannot be written as y -
From the 4th line of the proof to the 5th line, cs170 — 1 cannot be written as csc;

22

7.3 Reciprocal and Quotient Identities—Solutions

0 —

sin 6
sin@’

1

DO NOT COPY.

©P



12. Identify which equation below is an identity. Justify your answer.
Prove the identity. Solve the other equation over the domain
—m < x < . Give the roots to the nearest hundredth.

2sin’x + 1 2 sin’x + 1 1 + csc'x
a) Tinx 2cscx — 1 b) inx — Gkx

I graphed each side of the I graphed each side of the
equation. The graphs do not equation. The graphs appear to
coincide, so this is an coincide, so this is probably the
equation. identity.
From the graphs, the roots are 14 escx
approximately: x = 0.81 and RS = esex
x = 2.33 1+ 1

_ sin’x

1
sin x

Multiply numerator and
denominator by sin’x.
sin’x + 1
sin x
= LS.
The left side is equal to the right
side, so the identity is proved.

R.S. =

13. Here are two identities that involve the cotangent ratio:

1 __cosf
cotf = and and cot 6 = Sin 0

a) Show how you can derive one identity from the other.

_ 1 . __sin@
coto = @no Write tan 6 = c0s 0"
1 . .
cotd = e Multiply numerator and denominator by cos 6.
cos 0
_ cos @
cotf = sin 0
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b) Determine the non-permissible values of 6 for each identity.

Explain why these values are different. How could you illustrate
this using graphing technology?

1
tan 6

sin 6 then sinf # 0

Sincetan @ = s 0'
. So,0 # wk,keZ
sin@ #0 and cos@ # 0

So,0 # wk,k€Z and 0 # §+ﬁk,kez

For cot 0 = For cot 0 = M
sin 0

The values are different because there are two restrictions for 1

0 tan 0
and only one restriction for Qo8
sin 0
When I graph y = ﬁ, and set the TABLE for intervals of %, it shows
ERROR for all values of X in the table. When | graph y = %, with the

same TABLE settings, it shows ERROR only for X = =k, k € Z.
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