Lesson 7.4 Exercises, pages 626-632
A

3. For each expression below:
i) Determine any non-permissible values of 6.
ii) Write the expression as a single term.

a) 1 — cos’0 b) cos’d — 1
i) All real values are i) All real values are permissible.
permissible. ii) cos’0 — 1 = —sin%0

ii) 1 — cos’0 = sin%0

) sec’d — 1 d) 1 — sec’d
i) sec’d = % s0 i) sec’d = % s0 cos 0 # 0,
cos‘0 cos‘0
cos @ # 0, 0¢g+ﬂk,kEZ

a¢§+ﬂk,kez

ii) sec’0 — 1 = tan’0

ii) 1 — sec® = —tan’0

e) csc’d — cot’d f) sin’0 + cos’@ + 1
i) csc?0 = —— and |) A.Ilzreal valuzes are permissible.
sin"@ ii) sing + cos@ +1 =1+ 1
2 j—
cot’d = c?szo, ) =2
sin“0

sin #0,0 # nk,.keZ
ii) csc’0 — cot’0 = 1

. . . 2
4. a) Verify the identity tan’0 + 1 = sec’d for 6 = ;T .
LS. = tan’0 + 1 R.S. = sec’d
= tan2<2?ﬂ> + 1 = secz(z?ﬂ)
= (=3 +1 = (=20

The left side is equal to the right side, so the identity is verified.

b) Verify the identity 1 + cot’0 = csc’0 using graphing technology.

The graphsof y = 1 + 12 and y = — coincide, so the identity is
tan“o sin“0

verified.
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c) Verify the identity sin’ + cos’@ = 1 for § = 300°.

sin’0 + cos’0
sin%(300°) + cos*(300°)

(40

L.S.

The left side is equal to the right side, so the identity is verified.
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5. For each expression below:

i) Determine any non-permissible values of 6.
ii) Write the expression as a single term.

V1= sin’0

1 — sin’0 + cos’®

a) b)

A1+ tan’0

cos 6

i) tan’o = sin220' o i) cos0 # 0,500 # 5 + mk,keZ
s°0
. . 1 = sin’g + cos’0
cos O # 0,0 # 5 + wk, i) 0s 0
kezZ _ Cos’0 + cos’0
. A/1 —sin%0 cos 6
i) ——= _ 2co0s’0
1 + tan“0 = Cos 0
_ +/cos’0 = 2cos 0
sec’d
_ |cos 6]
T
|cos 0]
= |cos 6|
= cos’0
cos 0 cos 0 csc 0
9 : : d) — <
1 + sin6 1 — sinf cotf + tan 6
i) sin @ ;&:1' i) tan0 = :g;z socos 0 # 0,
s00 # - + wk,keZ
2 0¢g+fnk,kel;csc0=_iand
N ) cos 0 sin 6
II)1+sin49 1 —sin@ _ cos 0 ;
cotfd=-—"",s0sin@ # 0,0 # nwk,ke”Z
cos 6(1 — sin 0) . sin 6
= - - .. csc 6
(1 + sin 6)(1 — sin 6) i) ot0 + tan 0
cos 6(1 + sin 6) 1
(1 — sin 6)(1 + sin 6) sin 0
=cosB—cosBsin0+c050+cos()sin0 " cos® sind
1—sin%0 sin@ cos@
— 2cos6 Multiply numerator and
cos’0 denominator by cos 6 sin 6.
— 2 — cos 0
cos 6 cos’0 + sin’0
= 2secO cos 0
= or cos 0
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6. For each identity:

i) Verify the identity using graphing technology.

ii) Prove the identity.
a) 1 — cos’® = cos’d tan’d

i) The graphs of y = 1 — cos?0
and y = cos’0 tan’0 coincide,
so the identity is verified.

ii) R.S. = cos’0 tan’0

]
n
o
wv

N
=)
g |2
215
S
EES
N————

||

-
=S

| ~
5

[a)

[=]

wv

N

5

= LS.
The left side is equal to the
right side, so the identity is
proved.

7. For each identity:

i) Verify the identity for 6 = 240°.
a) cot’@sec® + —— = csc’fsec b)

1
cos 6
i) Substitute: 0 = 240°

LS. = cot’f sec® + ——
cos 6

= (cot 240°)}(sec 240°) + —

cos 240°

1 2
= (ﬁ) (=2) +(=2)
8

3
csc’0 sec 0
(csc 240°)*(sec 240°)

2 2
(%)
- _8
3
The left side is equal to the right side,
so the identity is verified.
ii) L.S. ! 0
cot’d sec 0 + sec O
(sec @)(cot?0 + 1)
= (sec 0)(csc’0)
= R.S.
The left side is equal to the right side,

so the identity is proved.

R.S.

cot’d sec 0 +

©P DO NOT COPY.

i) The graphs of y =

b) sin’d + cos’d + tan’d = sec’d

and

cos’0
y = sin’0 + cos’@ + tan’

coincide, so the identity is verified.

ii) L.S. = sin?0 + cos’0 + tan’0

=1 + tan’0

= sec’d

= R.S.
The left side is equal to the right
side, so the identity is proved.

ii) Prove the identity.

—anf _ _ 0
cosf — sec O

i) Substitute: 0 = 240°
_ tan 6
LS. = cos @ — sec
_ tan 240°
" cos 240° — sec 240°

3

-
V3

= , Or
3
2

2
3

R.S.= —csc O
= —csc 240°

_< L) or 2.

V3 V3

The left side is equal to the right
side, so the identity is verified.

. _ tan 0
i) LS. = cos O — sec

sin 0
cos 6

cos 0 —
cos 6

sin
cos’0 — 1
sin 6
—sin’9
1
—sin @
= —csco
= R.S.
The left side is equal to the right
side, so the identity is proved.
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8. Is either of these statements true? Justify your answer.

a) Sincetan = c

sin 0 sin’6
,then tan’g = ~—
os 0 cos 6
a

This statement is true because if ¢ =

2

obtain & = ;.

b

b) Since sin’f + cos’@ = 1,thensinf + cosf = 1

butsin® + cos T =

a4

9. For each identity:

4

+ 1 or 2
NFRNGY

Sl

which is not 1.

i) Determine the non-permissible values of 6.
ii) Prove the identity.

a) I S
csc 0 + cotf

= c¢csc —cotf Db)sinfh +

i) cscO = .Land

sin 0

cot0=M,sosin0¢O,

sin 6
0+ wkkeZ

csch + cot # 0,
1 _Cos 6

SO ——
sin 0 *

sin 9’

cos @ # —1,and
0# 2k + 1w keZ

ii) RS. = ¢sc® — cot @

sin 6

1 _cos@

sin 0

1—cos® 1+ cosd

sin 0
1 — cos’0

sin 0
sin’0

o

sin 0

= L.S.

1+ cos@

(sin 0)(1 + cos 0)

sin’0
sin @ + sin 0 cos 0
sin’0

sin’0

1
~ csc O + cot @

sin 6 cos 6
sin’0

cos 0
sin 0

The left side is equal to the
right side, so the identity is

proved.
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cosf

1

, then | can square both sides to

d)

This statement is false. For example, for 6 = %, sinz<%> + cosz<zr

sin 0
cos 0’

i) tan@ =

tan®  cosftan6

0¢§+ﬂk,kezand

sinf # 0,0 # nk,keZ

cos 0
tan 6
cos 0
sin
cos 0

ii) LS. = sinf@ +

sin 6 +

2
= sinp + 5
sin @
_ sin’0 + cos’0
sin 0

= cos 0 tan 0
= R.S.

1:

socos O # 0,

The left side is equal to the
right side, so the identity is

proved.
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10. Use algebra to solve each equation over the domain
—90° < x < 270°. Give the roots to the nearest degree.

2 .
a)4 — 4cosx = sinx

4 — 4(1 — sin’x) —sinx =0
4 — 4 + 4sin’x —sinx =0
4sin’x — sinx =0
(sinx)(4sinx — 1) =0
Eithersinx = 0
x = 0°x = 180°

Or4sinx —1=0
4sinx =1

sinx = 1

T4

x = 14°, x = 166°

The roots are: x = 0°,

x = 180° x = 14°, x = 166°
Verify by substitution.

b) cosx + 1 = 2 sin’x

cosx +1—2(1—cos’x) =0
cosx +1— 2+ 2cos’x =
2cos’x + cosx — 1 =
(2cosx — 1)(cosx + 1) =0
Either2cosx — 1 =10

2cosx =1
1
cosx =
x =60°x = —60°
Orcosx+1=0
cosx = —1
x = 180°
The roots are: x = 60°, x = —60°,
x = 180°
Verify by substitution.

11. Identify whether each equation is an identity. Justify your answer.
Prove each identity. Use algebra to solve each equation that is not an
identity over the domain —m < x < . Give the roots to the

nearest hundredth.

a) cos’x = (sin x)(csc x + sin x)

The graphs of y = cos’x and y = (sin x)(ﬁ + sin x) do not coincide,

so the equation is not an identity.

cos’x = (sin x)(.i + sin x), sinx # 0
sin X

cos’x = 1 + sin’x  Substitute: cos’x = 1 — sin’*x

1 — sin’x = 1 + sin’x

2sin’x =0
sin’x = 0
sinx=20

Since this is a non-permissible value, the equation has no real solution.

b) (cos x)(sec x — cos x) = cos’x

so the equation is not an identity.

(cos x)(sec x) — cos’x = cos’x, cos x # 0

Il
o

1 — 2 cos’x

N | =

cos’x

_ 1
cosx = :i:\[z

The roots are: x = 0.79, x = 2.36, x = —2.36,x = —0.79

Verify by substitution.
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cot O _ csc 60— 1
csc 6 + 1 cot 6

12. a) Prove this identity:

cot 0

LS. = csch + 1

Multiply numerator and denominator

by the conjugate of the denominator.
cotg  (cscf—1)

- (cscO + 1) (cscO — 1)
_ (cot 0)(csc® — 1)

T s — 1

_ (cot B)(csc® — 1)

B cot’d

_¢csch — 1
~ coté

= R.S.
Since the left side is equal to the right side, the identity is proved.

b) Predict a similar identity involving tan 6 and sec 6.
Prove this identity.

tand _ sec § — 1
secd+1~  tan@

A similar identity is:
tan 6
secd + 1

_ _tang  (secd —1)
(secO + 1) (sec® — 1)

_ (tan @)(sec & — 1)

T (secd — 1)

(tan 6)(sec 6 — 1)
tan’0

— sech — 1
tan 6

= RS.
Since the left side is equal to the right side, the identity is proved.

LS. = Multiply numerator and denominator

by the conjugate of the denominator.
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13. Determine a single trigonometric function for m such that the
2 — sin’
0s 0
by proving the identity.

equation = m + cos 6 is an identity. Verify your answer

2 — sin’0

m + cos @ Solve for m.
cos 6

2 — sin’0 .
m = Twos6 cos 6 Use a common denominator.

2 — sin’0 — cos’0
cos 0

2 — (sin’0 + cos’6)
cos 0

cos 6
= sec6
— sin’0

The identity is: 2 = sec + cos O
cos 0

_ 2 —sin’0

~  cos@

2 — (1 — cos’0)
cos 0

1 + cos’0
cos 0

L.S.

1, cos’
cos@  cosO
= secO + cos 0
= R.S.
Since the left side is equal to the right side, the identity is proved.
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