Lesson 7.5 Exercises, pages 641-649
A

3. Verify each identity for the given values of & and .
a) sin (¢ + B) = sina cos B + cos « sin B;
fora = 90°and B = 30°
Substitute: « = 90° and B = 30°

L.S. = sin(a + B) R.S.
sin (90° + 30°)

sin & cos B + cos a sin B
sin 90° cos 30° + cos 90° sin 30°

= sin 120°
-0f) v of
)

V3

-2

The left side is equal to the right side, so the identity is verified.

b) cos (¢ — B) = cosacos B + sina sin B; for o = gandﬁ = g
Substitute: @ = gand B = %
LS. = cos (@ — B) R.S. = cos & cos B + sinasin 8
= c0s T cos ™ + sinTain T
=sin<%—%> = €0s 5 €os ;- + sin sin
= sin = (0)(L> + (1)<i)
4 V2 V2
= 1
V2 Y%

The left side is equal to the right side, so the identity is verified.

tana + tan 2 ™
A sfora = 5 andB = 3

o tan(a + B) = 17— tan B

Substitute: a = %‘T and 8 = %
LS. = tan (a + f) ks, = tmettnp
T T 1-tanatan B
2w @
tan? + tang
=tanw — e
=0 _ LI
1 — tan 3 tan 3
__—V3+V3
1 - (=V3)(v3)
=0

The left side is equal to the right side, so the identity is verified.
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4. Simplify each expression.

a) cos 86 cos 260 + sin 80 sin 20 b) cos 6 sin 40 — sin 6 cos 46

= cos (80 — 20) = sin 40 cos 0 — cos 40 sin 0
= cos 60 = sin (40 — 0)
= sin 360

0 tan 7x — tan 3x
1 + tan 7x tan 3x

d) sin 5x sin 3x — cos 5x cos 3x

tan (7x — 3x)
tan 4x

—(cos 5x cos 3x — sin 5x sin 3x)
—cos (5x + 3x)
—cos 8x

5. Simplify each expression, then determine its exact value.

a) cos 75° cos 15° — sin 75°sin 15° b) sin a7 cosg + cos T sin%

= cos (75° + 15°) = sin <ﬂ + E)
= cos 90° 4
sin 2
- _1
V2

a0
tan T + tan —
T T T T d) 3
C) COSS sm6 Sll’13 COS6 .
l—tan"n'tang

tan <7r + g)

=T w ™ - T
—(Sln*COS* - COS*SII’I*)

3 6 3 6

A
o [T _ W@ = tan +-
= sm<3 6) 3
= —sin2 =3
- 6
=1
-2

6. a) Expand sin (g + g) to verify that sin m = 0.

in (T4 ™) = cin™ cos ® T in T
SII’I(E+2)—SII'I2COSZ+COSZSII'I2
sin 7w = (1)(0) + (0)(1)
=0

w

b) Expand cos (g +5

) to verify that cos ™ = —1.

s (T +T) =cosTcosT — sinTsinT
2 2/~ 2 2 2 2

cos @ = (0)(0) — (1)(1)
= —1
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. 3
c) Expand cos (;T - 13T> to verify that cos% = %
T _ ) = oo T cos T 4 sin T gin T
cos(i—§>—coszcos3 + sin > sin 3
= _ o)1 V3
cos g = (0)(2) + (1)(2 )
= V3
-2
d) Expand tan <1g + g) to verify that tang = /3.

tanE+tanE
6 6
tan (E +E) =

6 6
1 — tan —tan
1 1
R
ﬂ—
ta"3_1_<1>1>
V3/\V/3
2
3
=§,orﬁ
3

7. Determine each exact value.

a) cos 75° b) sin 15°
= cos (45° + 309 = sin (45° — 30°)
= cos 45° cos 30° — sin 45° sin 30° = sin 45° cos 30° — cos 45° sin 30°
-(HE)-HE =GIE)-GE
J2/\2 J2/\2 v2)\ 2 v/2)\2
_V3-1 _V3-1
272 272
a 5
¢) tan 1 d) tan T

1y k1) k1) T
tan (§ - Z) tan (E + Z)

tanE—tanE Tr k
B 3 2 - tang+tanz
™ ™ ny ny
1+ — — - — —
tan 3 tan 4 1 tan 6 tan 4
=g i+1
1+ (V3)1) -3
=«/§—1 1_(i>(1)
V341 V3
_1+43
V3 -1
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8. a) Givensin 8 = —% and cos a = %, where angle 3 is in standard
position with its terminal arm in Quadrant 3 and angle « is in
standard position with its terminal arm in Quadrant 4; determine
each exact value.

i) sin (@ — B) ii) cos (@ — B)
iii) tan (o + B) iv) tan (o — B)
Use:xX* + =1
For angle «, For angle B,
substitute:x = 2,r =5 substitute:y = —1,r = 3
22+ ) =5 X+ (1) =3
y = —+/21since the terminalarm  x = — /8 since the terminal arm of
of angle « lies in Quadrant 4. angle B lies in Quadrant 3.

. 21

So, sina = —g So,cos B = —?
Substitute for « and g in:

i) sin (@ — B) ii) cos(a — )

= sin & cos B — cos a sin B

- (5)-5) - 6)

€os « €os 3 + sin a sin B

=()03)+ 50

_ Y18 2 _-2/8 V2l
- 15 15 =15 t 15
_ V168 +2 2/ 4V
15 =
tan @ + tan i —
i) tan(a+B)=ﬁ iv) tan(a—ﬂ)=H
ERCL _ _Vies+2
L, T 2+
ECIN
_< : <\/§
_ —V168 + 2
T 2/B+ V21

b) What other strategy could you use to determine tan (o — 8)?

Sample response: | could substitute for tan a and tan g in the identity
for tan (@ — B).
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9. Prove each identity.

. ™
a) cos 6 = sin (5 + 0) b) —tan 6 = tan (m — 0)

Use: Sin ((Y + B) Use: tan (a —_ B) —_ M

= sin & cos B + cos a sin B _ +tanatan
Substitute: @ = g B=20 Substitute: & = m, B = 6

RS. = tan 7w — tan 6@
R.S.=singcos()+cos%sin0 T 1+ tanwtano
i _ 0-—taneo

= (1) cos 0 + (0)sin @ 1+ 0taneo

= cos 0 — —tan @

= L.S. - Ls.

The left side is equal to the right

. g e The left side is equal to the right
side, so the identity is proved.

side, so the identity is proved.

10. For each identity below: y
i) Use the diagram at the right to

explain why each identity is true.

ii) Prove the identity. 0

a) cos (—0) = cos 0 0N/ -6

i) The cosine of an angle whose terminal
arm lies in Quadrant 4 is positive and
equal to the cosine of its reference
angle in Quadrant 1.

ii) L.S. = cos (—6)
= cos (0 — 6)
cos 0 cos @ + sin 0 sin @
(1) cos 6 + (0) sin @
cos 0
= R.S.
The left side is equal to the right side, so the identity is proved.

b)sin (—0) = —sin 6

i) The sine of an angle whose terminal arm lies in Quadrant 4 is
negative and has the same numerical value as the sine of its
reference angle in Quadrant 1.

ii) L.S. = sin (—0)
= sin (0 — 0)
sin 0 cos O — cos 0 sin @
(0) cos ® — (1) sin 0
—sin 0
= R.S.
The left side is equal to the right side, so the identity is proved.
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¢) tan (—0) = —tan6

i) The tangent of an angle whose terminal arm lies in Quadrant 4 is
negative and has the same numerical value as the tangent of its
reference angle in Quadrant 1.

i) L.S. = tan (—6)
sin (—0)
cos (—0)
_ —sin6
cos 0
—tan 0
= R.S.
The left side is equal to the right side, so the identity is proved.

11. If f(x) is an even function, then f(—x) = f(x)
If f(x) is an odd function, then f(—x) = —f(x)
Use the identities in question 10 to classify each of the sine, cosine,
and tangent functions as odd or even.

Since sin (—x) = —sin x, the sine function is an odd function
Since cos (—x) = cos x, the cosine function is an even function
Since tan (—x) = —tan x, the tangent function is an odd function

12. Solve this equation over the domain —90° < x < 270°:
tan 4x — tan 3x
1 + tan4xtan3x \/3

tan (4x — 3x) = /3
tanx = /3
X = 60°or x = 240°

. 4 5 ..
13. Giventan a = 3 and tan 8 = —3, where angle « is in standard
position in Quadrant 1 and angle 8 is in standard position with
its terminal arm in Quadrant 2, determine the exact value of

cos (a — B).
Use:xX* + > = 1
For angle «, substitute: For angle B, substitute:
X=3’y=4 X=—12,y=5
3+4 =7 (=12 + 5> =1
r=5 r=13

i 4 _3 i D - _12

So,sma—5andcosa—5 So,smB—13andcosB— 13

Substitute for & and g in:
cos (@ — B) = cos a cos B + sin a sin B

=()-5)+ ()63)

— =36 20
65 65

= _16

T 65
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14. Prove each identity.
a) sing + 0>+sin(% - 0) = /2 cos 0
L.S. = sin T cos @ + cos = sin @ + sin = cos ® — cos = sin 0

4 4 4 4

= Zsin%coso

1
2 (ﬁ)cos 0

/2 cos 0
= R.S.

The left side is equal to the right side, so the identity is proved.

b) cos (% + 0) — cos (% - 0) = —sin 6

6 6 6 6

= -2 sin%sina

1\ ..
-2 <§> sin 6
= —sin 0

= R.S.
The left side is equal to the right side, so the identity is proved.

LS. = cos ¥ cos @ — sin = sin § — <cos T cos 0 + sin = sin 0)

tana — tan 3

¢ tan (@ — B) = 1+ tanatan B
LS. = tan (@ — B)
_sinta—p)
~ cos(a — B) Fxpand.

sin @ cos B — cos a sin B . i
= - - Divide numerator and denominator
cos « cos B + sinasin B
by cos « cos B.

sin & cos B cos asin B
cosacos B cosacos B . .
= Simplify.

cosacos B sinasin B
cosacos 3 cosacos B

sine  sin B
cos cos
= a—ﬁ Use the tangent identity.
sin @ sin 3

cos « cos 3

tana — tan g8
1 + tan « tan B

= RS.
The left side is equal to the right side, so the identity is proved.
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. . 3 T
15. Solve each equation over the domain —~ < x < 5.
a) sin 7x cos 5x — cos 7xsin 5x = —1
sin (7x — 5x) = —1
sin2x = —1
Consider —3w = 2x < m.
_ _m — _om
2X = 2 or 2X = 2
x= -1 x = =21
T T T T4
The roots are: x = —% and x = —ST“
b) cos 2xcosx — sin2xsinx = 0
cos(2x+x)=0
cos3x =0
Consider —97“ =3x< 37'"
3x="or—Zor —3—“0r—5—“0r —Lﬁor _om
-2 2 2 2 2 2
x="Tor-Zor —Eor—s—wor—7—’”or—3—1—r
6 6 2 6 6 2
ey =™ _® . Sw . _ _Iw _ 3w
The roots are: x = :|:6,x = X=X = X =S

16. Here are two solutions for solving the equation sin (7 + x) =

over the set of real numbers. Are both solutions correct? Explain.

Solution 1
. 1
sin (m + x) = —=
( ) NG
Eitherm + x = % + 2k, ke”Z

x =0t amk keZ
3
Orm+x= Tﬂ + 2k, keZ

x= —3 +2mkkeZ

1
V2
Solution 2
. 1
sin (m+ x) = —=
V2
. . 1
sinTcosx + cosmwsinx = —=
V2
. 1
(0)cosx + (—1)sinx = —=
V2
—sinx = L
V2
sin x = L
V2

x =T+ 2wk keZ

7
orx = Tﬂ + 2wk, ke ”Z

3w

Both solutions are correct. Fork = 1, Y + 2wk, k € Z becomes
X = 57'", and —% + 2wk, k € Z becomes 77“.
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17. Determine the general solution of each equation over the set of real

numbers.
1
a)cos(*rr-i—x):i b) tan(w + x) = —1
. . 21 tanw + tanx _
COS T COS X — Sinmsinx = = T 2 =
2 1 — tanm tanx
- 1 0 + tanx
—1)cosx — (0)sinx = — % =
(=1) © 2 1 — (0)tanx
1
CoOsS X = 3 tanx = —1
_ 3=
x=%ﬂ+21—rk,keZor x="+mwkkeZ
x="T + 2k keZ

18. Use algebra to determine the amplitude and the period of the graph

40

of y = sin (g + x) + sin (g - x). Describe your strategy.
Use graphing technology to check.
= <in ([T in (T —
y—sm<4+x>+sm<4 )
Use the sum and difference formulas.

.7 T . .7 T _-
y=smzcosx+cosfsmx+smfcosx—cosfsmx

4 4 4
y=25in%cosx
y = 2<i> €os X
V2
y = /2 cosx

The amplitude is /2 and the period is 2.
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