Lesson 7.6 Exercises, pages 658-665

4. Write each expression as a single trigonometric ratio.

a) sin (0 + 6)
= sin 20

¢) sin 0 sin O

= sin’0

e) 3sinfsin b
= 3 sin’0

b) sin 6 + sin 6
=2sin@

d) cos’6 cos 6

= cos’0

f) 3sin6 + sin 6
=4sin @

5. Determine the exact value of each expression.

a) 2 sin 45° cos 45°

sin 2(45°)
sin 90°

Il

[a)

o

w

N
B
—

6. Simplify each expression.

2 2
a) —cosf@ — sin"0

= —1

c) 2 cos’d — 2

= 2(cos’0 — 1)
= —2sin%
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—(cos®0 + sin’0)

by cos’(g )i ()
- (2

3

16

2 tan 210°
1 — tan’(210°)

= tan 2(210°)
= tan 420°
= tan 60°

=3

b) 1 — sin’

= cos’0

d) 4 cos’0 — 2

= 2(2 cos’0 — 1)
= 2 cos 20
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7. Verify each identity for the given value of 6.

a) sin 260 = 2sin A cos B; 0 = 30°

L.S. = sin 20
= sin 60°
3
2
R.S. = 2sin 0 cos 0

= 2 sin 30° cos 30°
1\ /3
26)(7)

3

2
The left side is equal to the
right side, so the identity is
verified.

8. For the identity tan 20 = .

2t . .
%, determine the non-permissible
n

) 5
b) cos 260 = cos’d — sin’0; 0 = Tﬁ

L.S. = cos 20

= cos 107

- 4

— iy

= cos 5

=0

R.S. = cos’0 — sin’0

coss—ﬂ ’ — (sin m 2
4 4

R
V2 V2

=0

The left side is equal to the right
side, so the identity is verified.

values of 6 over the set of real numbers, then verify the identity for

2
0=
cos 20 # 0 cos 0 # 0 tan’0 # 1
20¢g+‘ﬂk, 0¢%+ﬂ-k, tan0 # +1
kez ke7 0 # 32+ 1) kez
ko ko
0+ 1 + Ek'
kez
To verify, substitute 0 = 2?“ in each side of the identity.
L.S. = tan 260 RS. = ——-
~ tan 4w 1 — tan“9
3 2 tan %ﬁ
=.3 = —
1- tanz(2£>
3
_2A-V3)
1-(=V3)
=3

The left side is equal to the right side, so the identity is verified.
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9. Given angle 6 is in standard position with its terminal arm in
Quadrant 2 and tan 6 = 5 determine the exact value of each

trigonometric ratio.

a) sin 26 b) cos 26 ¢) tan 20

Since the terminal arm of @ lies in Quadrant 2, sin 0 is positive.
Use mental math and the Pythagorean Theorem to determine the value

of r, which is +/29.

. 2 5
So,sin@ = —andcos 0 = ———
V29 V29
a) Substitute values of sin 0 and b) Substitute the value of
cos @ in: cos @ in:
sin 20 = 2 sin 0 cos 0 cos 20 = 2 cos’0 — 1
2
— 2<L>< L) — 2<_L> -1
V29/\ V29 V29
20 — 50 _ 21
~29 =39 " Lory
¢) Substitute tan = _2 intan 20 = 2"L"ﬁ;:
5 1 — tan’

tan 20

_4
= 5 or =20
=51 % T3
25

10. Prove each identity.
a) 2 cot O sin’d = sin 26

L.S. = 2 cot 0 sin’0

_ cos 0\ . »
=2 <m) sin“0
= 2 cos 0 sin 0
= sin 20
= R.S.
The left side is equal to the
right side, so the identity is

proved.
c)2coth = sz
1 — cos0
R.S. = sin 20
1 — cos’0
__ 2sin 6 cos 0
T sin%g
__2cos
~ sing
= 2coto
= L.S.

The left side is equal to the
right side, so the identity is
proved.
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b) 1 + sin26 = (sin® + cosH)*

R.S. = (sin @ + cos 6)?

sin’0 + 2 sin @ cos 6 + cos’0
=1+ sin 20
= L.S.

The left side is equal to the right side,

so the identity is proved.

d) tan 26 cos 20 = 2 sin 6 cos 6

L.S. = tan 26 cos 20
= (%) cos 260
sin 20
2sin 0 cos 6
= R.S.
The left side is equal to the right
side, so the identity is proved.
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11. Prove each identity.

a) cos 20 — 2 cos’ _ —sin 20 sec’0 ) sin 20 — —coth
2 cos B 4sin 6 cos20 — 1
_cos 20 — 2 cos’0 _ sin20
LS. = 2 cos LS. = cos 20 — 1
_2cos’® — 1 — 2 cos’0 _ _2sin@cos @
B 2cos 0 1 — 2sin%0 — 1
—_—1 _ 2sinf@cos @
2 cos 0 - —2sin0
. 2
RS, = —Sin 2.0 sec’d - c?s 0
45sin 6 sin 6
—25sin 6 cos 0 = —cot@
_ __ cos’o = RS.
4sin 0 The left side is equal to the right
=1 side, so the identity is proved.
— cos 0
2
_ -1
~ 2cos @

The left side and the right side
simplify to the same expression,
so the identity is proved.

0 2 cos’ _ 1+ cosb d) sin 26 _ sec’d — 1
sin 260 tan @ + sin 6 2 + 2cos 26 2 tan 6
_ 2co5’0 __ sin20
LS. = sin 20 LS. = 2% 2cos 26
_2(050(050 — 2 sin 6 cos 6
~ 2sin@cos @ 2(1 + cos 20)
= Cos0 _ _sinfcos®
sin 0 1+ 2 cos’0 — 1
R.S. = w _ sin@cos 0
tan 6 + sin 0 = 2 cos 0 cos
1+ cos O .
= — _ sin@
EILL A ~ 2cos 0
cos 0
_1
_ (1 + cos )(cos 0) = tan 0
sin @ + sin 0 cos 0 _ sec — 1
_ (1 + cos 6)(cos ) RS. = "2tan6
(sin 0)(1 + cos 0) _ tan%o
_ Coso T 2tané
sin 1
. . . = stané@
The left side and the right side 2
simplify to the same expression, The left side and right side simplify to
so the identity is proved. the same expression, so the identity is
proved.
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12. Solve each equation over the domain —180° < x < 180°.

a) cos2x = 2cosx — 1 b) sin x = cos 2x
2cos’x — 1 —2cosx+1=0 sinx = 1 — 2sin’*
2cosx —2cosx =0 2sin’x + sinx —1=0
(2cosx)(cosx —1) =0 (2sinx — 1)(sinx +1) =0
Either2cosx = 0 Either 2sinx — 1 =10
cosx =0 sinx:%

x = 90°orx = —90°

Orcosx—1=0
cosx =1

x=0°

The roots are: x = 0°,

x = 90° and x = —90°

x = 30° orx = 150°
Orsinx+1=0

sinx = —1
x = —90°
The roots are: x = 30°,
x = 150°, and x = —90°

13. Solve each equation over the domain —27 < x < 2.

a) /2sin2x — 2sinx = 0 b) 3sin’x + cos2x — 2 =0
J2(2sinxcosx) —2sinx =0 3sin’x +1 —2sin’x—2=0
2sinx(v/2cosx —1) =0 sinkx —1=0
Either 2sinx = 0 sinx = £1
sinx =0 x=%orx=70rx=—%or
x=0o0orx=morx = —mx
Orv2cosx —1=0 x=—37“
1
osx = —— The roots are: x = £+ and
V2 I 2
x=Torx="orx=-Tor =+
=3 =% =7
x= 17
- 4

The roots are: x = 0,

N SR — g I=
x—:|:4,x—:I:ﬂn-,andx—:I:4

14. For this solution of the equation sin 2x = cos x over the domain
0 < x < 2, identify the error then write a correct solution.

sin 2x = cos x sin 2x = cos x
2 8N X COS X = COS X 2sinxcosx —cosx =0
2 sinx.cos%  cosK cosx(2sinx—1) =0
o5 = cos %! Either cosx = 0
. ™ 3m
2sinx =1 X=50rx="=""
sinle Or2sinx=1
2 . 1
- 5 sinx =
et 6 x=%orx=5%’
The roots are: x = %,x = g
x=5—ﬂ andx=3—“
6’ 2

In the 3rd line, cos x cannot be removed, because a possible solution is
cosx = 0.
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15. Use algebra to solve the equation cos 2x = 2 cos x over the set of real

46

numbers. Give the answer to the nearest hundredth.

€cos 2x = 2 cos X
2cos’x — 1 = 2 cos x
2cos’x —2cosx —1=0

—b £ +/b* — dac
2a

2+ V(-2 - 42)(-1)
2(2)
2+ V12
4

2+2/3
4

1+£+3
2

1+43 . . 1+
3 > 1, so there is no solution for cos x = 3

1-43
2

Use: cos x =

Cos X =

Cosx =

Cosx =

COs X =

&

So, cos x =

1-43
2
Quadrant 2 or 3.
. (V3
The reference angle is: cos <

Since is negative, the terminal arm of angle x lies in

-1
2

> = 1.1960. ..

In Quadrant 2, x = = — 1.1960. .., or 1.9455. ..
In Quadrant 3, x = = + 1.1960. .., or 4.3376. ..
Verify by substituting each root in the given equation.

The solutionis: x = 1.95 + 2wk, ke Zorx = 434 + 2wk, ke Z

7.6 Double-Angle Identities—Solutions
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16. A student said that the identity sin 26 = 2 sin 6 cos 6 could be
extended so that sin 460 = 4 sin 6 cos 6 and sin 60 = 6 sin 0 cos 0.

a) Is the student correct? If your answer is yes, explain why. If your
answer is no, write correct identities for sin 40 and sin 60.

sin 40 = 4 sin 0 cos @ is not an identity.
For example, suppose: 0 = T

3
sin40=sin%rr 4sin0cos(9=4sin§cos%
__V3 —4(3\1
- 2 - 2 2
=3
sin 60 = 6 sin 0 cos @ is not an identity.
For example, suppose: 0 = %
sin66’=sin%’T 65in0c050=65in%cos§
= sin 2w 3\ /1
=0 =o(7)3
_33
-2

In sin 20 = 2 sin 0 cos 0, replace 0 with 20:

sin 40 = 2 sin 26 cos 260

And, in sin 20 = 2 sin 6 cos 6, replace 6 with 36:
sin 60 = 2 sin 360 cos 360

b) Write an identity for sin b, where b is a positive even number.

In sin 20 = 2 sin 0 cos 0, replace 26 with b6, and replace 0 with 20:

sin b0 = 2 sin 1%0 cos gO

17. Prove each identity.
tanx + cotx
tan x — cotx

cotx — tanx

b) cot2x = 3

a) —sec 2x =

RS. = tan x + cotx RS. = cotx — tanx

tanx — cotx 2
sinx , cosx cosx _ sinx
COSX ~ sinx sinx  €OsX
sinx _ cosx 2

COSX  sinx cos’x — sin’x

sin’x + cos’x _ sinxcosx
_ sinxcosx 2
= 2 2
SINX = cos'x _ cos’x — sin’x
sin xcos x 2 sin x cos x
1
- €os 2x
_ SInxcosx = —
—Cos 2x sin 2x
sin x cos x = cot 2x
=1 = LS.
—cos ;X Since the left side is equal to the
= —sec 2x . . . o
Ls right side, the identity is proved.

Since the left side is equal to the
right side, the identity is proved.
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18. For each equation, determine the solution over the set of real

numbers.
a) 4sin 3xcos3x =1 b) 4 cos5x — 2 + /3 =0
2(2 sin 3x cos 3x) = 1 2(2 cos®5x — 1) = —/3
2sin 2(3x) = 1 2 cos 2(5x) = —/3
2sin6x = 1
. _1 cos 10x = —é
sm6x—§ 2
6X=%+2’n'k,kEZ,0r 10x=5%+2fn-k,kel,or
6x:%+27rk,kel 10X=7:+2ﬁk.k62
So,x = 3¢ + 3k ke Z, or So,x =15 + ckkeZ or
_5m  m —In =
x—36+3k,keZ x—60+5k,kEZ
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